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Abstract
Generating and detection coherent high-frequency heat-carrying phonons has been a great topic
of interest in recent years. While there have been successful attempts in generating and observing
coherent phonons, rigorous techniques to characterize and detect these phonon coherence in a
crystalline material have been lagging compared to what has been achieved for photons. One main
challenge is a lack of detailed understanding of how detection signals for phonons can be related
to coherence. The quantum theory of photoelectric detection has greatly advanced the ability to
characterize photon coherence in the last century and a similar theory for phonon detection is
necessary. Here, we re-examine the optical sideband fluorescence technique that has been used
detect high frequency phonons in materials with optically active defects. We apply the quantum
theory of photodetection to the sideband technique and propose signatures in sideband photon-
counting statistics and second-order correlation measurement of sideband signals that indicates the
degree of phonon coherence. Our theory can be implemented in recently performed experiments
to bridge the gap of determining phonon coherence to be on par with that of photons.
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Phonons are packets of vibrational energy that shares similarity with its bosonic cousin:
photons. Advances in nanofabrication has enabled many parallel developments in photon
and phonon control. Parallel developments in passive control techniques include photonic
[1] versus phonoic crystals [2], optical [3] versus acoustic metamaterials [4] etc. Development
in active manipulation of electromagnetic waves have led to creation of nanoscale optical
emitters [5] and gates [6] and similar progress have been made in controlling phonons espe-
cially in the realms of optomechanics [7] and phononic devices [8, 9]. Phonons span a vast
frequency range and while techniques to control and sense lower frequency coherent phonons
have been well-developed [10–19], heat carrying coherent terahertz acoustic phonons have
been harder to detect due to their small wavelength and numerous scattering mechanism
[20]. Recently, ultrafast surface deflection techniques have been used to generate and de-
tect THz phonons [21–24]. At the same time, nanoscale material structures have exhibited
phonon coherence through their thermal conductivity [25–31]. Earlier, THz crystal phonons
have been generated and detected in low temperature experiments using dopants [32–34] or
sideband detection [33–38]. Sideband detection is attractive compared to both thermal con-
ductivity measurements and optical deflection techniques due to its ability to directly access
atomic length scales where THz phonon wavelength couple with lattice phonons. Further-
more, sideband signals are universal in almost all material with optically active defects with
phonon-induced broadening. Last but not least, the energy of the phonons detected can be
precisely resolved using a optical spectrometer, allowing for a precise and yet broadband
phonon detection.
In light of the success using sideband detection techniques for high frequency phonon
detection, we examine the potential for this technique to measure the coherence properties
of these phonons. Sideband spectroscopy has been widely used as a means to detect non-
equilibrium phonon population [37], phonon propagation [37], phonon transmission through
interfaces[36], phonon band structure [35, 39] etc. Extensive theoretical studies in the nine-
teen fifties have allowed rigorous understanding of sideband lineshape and have been utilized
to complement neutron scattering phonon band structure measurements [40, 41]. Here, we
use the basis of quantum theory of photodetection to rigorously characterize the phonon
coherence using sideband detection. We conclude that sideband detection does not give
the same detected quantity of intensity in photodetection, but a non-trivial function that
depends on the phonon intensity. Using this function, we determine that sideband counting
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statistics can distinguish between a coherent phonon and a thermal phonon distribution.
Then, we propose an experimental scheme similar to the Hanbury Brown Twist (HBT) ex-
periment [42] to obtain a second order correlation function of the sideband signal. This
function shares similar features with the familiar intensity correlation function in HBT and
can be used to determine whether the detected phonons are coherent.
Figure 1(a) shows the schematic of the sideband detection setup consisting of a crystal
with defects. An incident optical beam excite the electrons in the defects, which absorbs some
of the photons. The transmitted light gets collected into a grating spectrometer and then
diffracted for frequency dependent detection. Figure 1(b) shows the energy level diagram
for an optically active defect [43]. The ground state defect electron resides in a harmonic
potential consisting of different vibrational levels. The vibrational level the electron occupies
is dictated by its equilibrium temperature. The excited state is assumed to have the same
vibrational frequency. Under conditions of zero strain, electrons of the defects don’t couple
to the phonons in the crystal and the ground and excited state potentials will have a same
minimum position (q = 0 in Fig. 1(b)). Optical excitation will thus only couple states of the
same vibrational energy α = β between the ground and excited state and this is know as the
zero-phonon line (ZPL) [44]. However, defects introduce local strains which causes defect
electrons to couple to phonons in the crystal through electron-phonon coupling [45]. This
leads to a shift in the excited state minimum which caused sidebands to appear about the
ZPL. The additional energy between the ground state minimum to the excited state assuming
a Franck-Condon (FC) optical transition is determined by the Huang-Rhys parameter or the
S parameter. Relevant information on sideband theory from Refs. [43–45] are summarized
in Section I of the Supplementary Information (SI). Here, we proceed with an important
result derived from Eqs. S6-S9 of the sideband theory which describes the overlap strength
between the ground vibrational state |α〉 to the excited state |β〉 as
|Θαβ|
2 = exp(−Si)
α!
β!
S
β−α
i |L
β−α
α (Si)|
2 (1)
where Si is the S parameter for the ith normal mode and the localized excitation and L
m
n (z)
are Laguerre polynomials [44]. Equation 1 is used to explain shapes of absorption or emission
spectra in sideband detection experiments [35].
At low temperature, almost all absorption processes will be stokes i.e. the absorbed
photon be of higher energy than the ZPL [38]. However, phonons do not equilibrate so
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FIG. 1. (a) Schematic of sideband detection scheme. An incident optical beam gets absorbed and
interacts with the local phonon population. The measured spectral properties of the transmitted
photons with a grating spectrometer can give information of local phonon population. (b) Energy
level diagram of a defect electron with vibrational transitions for the ground state and excite
state. Absorption of a photon couples the ground to the excited state where the zero-phonon
line (ZPL) couples the same vibrational levels (α = β) while any other case α 6= β implies that
phonons are absorbed. The S parameter determines the average phonon energy absorbed. The
configurational coordinate q represents displacement of a vibrational mode as a result of the normal
mode transformation in Eq. S4. The spectrum on the right is a example of an absorption spectrum
described by Eq. S11. (c) 〈F (α)〉 versus S parameter and average phonon number 〈α〉 for a thermal
state ensemble. (d) 〈F (α)〉 versus S parameter and average phonon number 〈α〉 for a coherent state
ensemble.
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easily at low temperature due to a lack of temperature-dependent scattering processes.
Thus, non-equilibrium (NE) phonons generated can be detected at millimeters away from
the source [37]. Nevertheless, no rigorous coherence characterizations has been carried out
so far except from broadening inferences [37]. Here, we introduce the quantum theory of
photoelectric detection (recapped in Section II of the SI) to evaluate the sideband signal for
characterizing NE phonon coherence. To proceed, we would like to highlight an important
result for the probability of one-photon photodetection at time t0 +∆t
P (t0 +∆t) ∼ η〈aˆl
†aˆl〉∆t (2)
where 〈〉 means ensemble average, aˆl, aˆl
† are photon annihilation and creation operators
such that 〈aˆl
†aˆl〉 = I and ∆t is the measurement duration. Equation 2 tells us that the
probability of detecting a photon is directly proportional to its intensity.
We apply the same formalism to study sideband detection of phonons. Physically, two
processes happen in sideband detection compared to a single process of electron photon
interaction. Firstly, there exist a electron-phonon between the ground state electron in
the defect and the crystal such that any change in local phonon population is reflected
in the defect phonon state [43, 46]. Second, the ground state electron gets excited by
electromagnetic wave to the excited state in which an absorption process happens [43, 46].
Thus, an instantaneous sampling of phonon state happens when optical excitation occurs.
In this work, we will focus on the one-phonon anti-stokes absorption sideband which has
been used for phonon detection [36]. The one-phonon (β = α − 1) overlap strength can be
obtained from Eq. 1 as F (α) =
∑
β|〈β|bˆj|α〉|
2 = exp(−Si)α|L
−1
α (Si)|
2S−1i , where α is the
ground vibrational state energy level in Fig. 1(b). Figures 1(c) and (d) show the ensemble
averaged 〈F (α)〉 a function of the average phonon number and S parameter for a coherent
and thermal distribution. Note that F (α) is not a linear function with respect to the phonon
intensity due to the oscillatory behavior of the Laguerre polynomials in Eq. 1. While the
differences between Figs. 1(c) and (d) are subtle, they do lead to observable differences in
the detected sideband signal as will be demonstrated shortly.
Phonon fields can be expressed in a quantized form like the photon fields [43, 47] which
describes electron phonon coupling (see Eq. S20 of SI). We formulate the interaction Hamil-
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FIG. 2. (a-c) Plots of Eqs. 9 and 11 labeled as “long” (red) and“short” (blue) respectively for
different S parameters. Coherent state ensemble is labeled with circle and thermal state ensemble
is labeled with cross.
tonian for the crystal phonon to defect electron’s phonon interaction as
HI = dˆξlAˆl
∑
j
ΛjBˆj (t) (3)
where dˆ is the dipole operator, Aˆl = aˆle
−iωlt1 + aˆl
†eiωlt1 such that aˆ is the photon anni-
hilation operators for photon absorption with frequency ωl, Bˆj = (bˆj exp(i(kjr0 − ωjt)) +
bˆ
†
j exp(−i(kjr0 − ωkt))) for defect phonon operators of the jth modes [35], and ξl and Λj
are the product for the proportionality constant of the photon and phonon field (defined in
SI), respectively. This derivation is one-dimensional but can be easily generalized to three
dimension. Also, we do not consider the polarization dependence of the lattice modes or the
photon fields in this derivation.
We now relate to Eq. 1 for absorption spectrum to the anti-stokes one-phonon ovelap
F (α) . After some algebra (Eq. S33 of SI), our sideband detection probability in Eq. S28 is
simplified to
P (t,∆t) = ηF (α)∆tδ(ωl − (ωb − ωa) + ωj) (4)
We can use Equation 4 to obtain the n particle detection probability. In the optical case,
n photon detection probability is derived from one-photon detection probability in Eq. 2
such that [48]
p(n, t, T ) =
1
n!
(
η
∫ t+T
t
I(t′)dt′
)n
exp
(
−η
∫ t+T
t
I(t′)dt′
)
(5)
where T is the detection time and η is the overall detection efficiency. Equation 5 shows
that the probability of detection follows a Poisson distribution with the expected photon
6
number 〈n〉 = η
∫ t+T
t
I(t′)dt′. In the long-time limit, 〈n〉 ≈ η〈I〉T and we obtain [49]
p(n, t, T ) ≈
1
n!
(η〈I〉T )n exp (−η〈I〉T ) (6)
Whereas in the short-time limit, 〈n〉 ≈ ηI(t)T and [49]
p(n, t, T ) =
∫ ∞
0
1
n!
(ηIT )n exp (−ηIT )P (I)dI (7)
where the photon intensity I now is a random variable. The specific form of P (I) depends
on the distribution of the photon ensemble. In the coherent ensemble, Eqs. 6 and 7 be the
same but not for a thermal ensemble [49].
Now, let us consider the case of phonon sideband detection where we are not directly
measuring the phonon intensity but a function of the intensity described by Eq. 4. Let
us define f = F (α) so that the averaged measurable quantity 〈f〉 = η
∫ t+T
t
F (α(t′))dt′,
where the ground vibrational state α is the time-dependent. Then, the f-probability can be
formulated as a Poisson distribution just like Eq. 5 to be
p(f, t, T ) =
1
f !
(
η
∫ t+T
t
F (α(t′))dt′
)f
exp
(
−η
∫ t+T
t
F (α(t′))dt′
)
(8)
Let us take a look at the short and long time limit of p. For long time limit, 〈f〉 ≈ η〈F 〉T
such that
p(f, t, T ) ≈
1
f !
(η〈F 〉T )f exp (−η〈F 〉T ) (9)
just like Eq. 6 except that it is not a direct function of intensity. In the short time limit,
〈f〉α ≈ ηF (t)T but
since P (α) is a discrete distribution of the phonon ensemble, we sum over all states α to
obtain
p(f, t, T ) =
∑
α
1
f !
(ηF (α)T )f exp (−ηF (α)T )P (α) (10)
=〈
1
f !
(ηFT )f exp (−ηFT )〉α (11)
The difference between Eq. 11 and Eq. 7 is in the measured variable but they share the
same physical principle where short-time limit fluctuations arises due to ensemble average
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of the whole detection probability rather than just the measured quantity. Here, we note
the similar feature where a coherent state will lead to the same result in the short and long
time limit (Eqs. 11 and 9) but not for thermal state.
Figure 2 shows the probability distribution p(f) for different time scales ηT under a
coherent or thermal ensemble. Here we choose different values of ηT to account for the
short (ηT = 0.1) to the long time limit (ηT = 10). Under these cases, we obtain two
limits for the coherent ensemble and compare the thermal ensemble for different values of
S parameter. First, we notice that the S parameter strongly affects the sensitivity of the
difference between a coherent and a thermal state. A small S parameter will lead to virtually
undetectable difference between the two. Physically, a small S parameter means less average
phonons absorbed or emitted and thus less sensitivity. Second, higer values of S does not
imply greater difference in signal between coherent and thermal states. This is caused by
the oscillatory nature of the Laguerre polynomials in Eq. 1. Third, coherent and thermal
states show different probability in both the short and long time limit, unlike the case (in
Eq. 6) for photon intensity. This is because the function 〈F (α)〉 will have different average
values in Eq. 9 (evident from Figs. 1(c,d)) between a thermal and a coherent state for the
same average phonon number even in the long time limit. Photon probability measurements
have been used to characterize coherent and non-classical states [50] and we can likewise
carry out similar measurements for sideband phonon detection.
A more common technique to characterize optical coherence is using a HBT experiment
[42, 49]. We propose a similar setup in Fig. 3(a) for sideband phonon detection. Here, an
optical excitation generates a phonon beam which becomes incident on a smooth oblique
interface and gets partially reflected and transmitted. Two optical beams incident on differ-
ent locations of the crystal are then used to create two sideband signals which are correlated
with each other. Before examining this proposal further, let us first recap how the photon
intensity correlation function looks like
g(2)(t, t+ τ) =
〈aˆl
†(t)aˆl
†(t + τ)aˆl(t+ τ)aˆl(t)〉
〈aˆl
†(t)aˆl(t)〉2
(12)
The numerator in the intensity correlation in Eq. 12 is ordered with aˆl
† before aˆl and
time-ordered such that a state 〈α|aˆl
†aˆl
† → 〈α−2| (same for aˆlaˆl|α〉), which implies two con-
secutive absorption processes by two photodetectors from the same state. The denominator
8
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FIG. 3. (a) Schematic of proposed measurement of second order phonon correlation using sideband
detection. An optical excitation generates a phonon beam which gets split by a clean interface
into two paths. Detection on each path with sideband technique allows us to measure the second
order correlation defined in Eq. 14. (b-d) Second order sideband correlation for different values of
S parameter and average phonon number 〈α〉 at τ = 0. The red line indicates thermal ensemble
and blue indicates coherent ensemble. Notice that thermal state is always above the coherent state
for all values of average phonon number 〈α〉 and S parameters.
just implies independent absorption events. For our case, we are measuring F (α) which
projects the phonon intensity onto a function and prevents us from defining our second or-
der correlation in the same manner as in Eq, 12. Nevertheless, we can define a second order
correlation that describes the same physical process of correlated absorption events versus
independent events. In this case, we have
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g(2)(t, t+ τ) =
∑
α P (α)
∑
β,β′〈α|bˆj
†
(t)|β〉〈β|bˆj(t)|α〉〈α− 1|bˆj(t+ τ)|β
′〉〈β ′|bˆj
†
(t+ τ)|α− 1〉
〈F (α(t))〉2α
(13)
=
〈F (α(t))F (α(t+ τ)− 1)〉α
〈F (α(t))〉2α
(14)
Figures 3 plot the second order correlation for sideband detection defined in Eq. 14 at
τ = 0 for different values of S parameters. Notice that we have the thermal ensemble being
above the coherent ensemble for all values of average phonon intensity 〈α〉 for different values
of S parameter. This is in agreement with the behavior of photon intensity correlation at
time τ = 0 in Eq. 12. However, photon intensity correlation does not vary with the average
photon intensity or other parameters unlike our sideband correlation here, which can vary
by orders of magnitude for different S parameter and average phonon numbers.
Our work differs from those in optomechanics and non-linear coherent phonon control
[51]. Optomechanics primarily relies on coupling a mechanical mode to a designed optical
cavity for coherent phonon control. It is remarkable that quantum coherence of phonons
has been predicted [52–54] and observed [7] in this field. Here, we are proposing sideband
detection with optical defects which couples to intrinsic phonon modes in materials. Also,
we only restrict our discussion here to coherent and thermal state although it is possible
to consider other quantum states such as Fock states and squeezed states [52–54] . For
non-linear coherent phonon generation, an optical field directly couples to optical phonons
[51] or zone-center acoustic phonons [55] and phase matching always results in coherent
phonons. Our work actually detects high frequency acoustic phonons which are not capable
of direct coupling to light through phase matching. Furthermore, our technique can detect
both coherent and incoherent phonons through their ensemble distribution and no phase
matching is required. Quantum mechanics has been used to describe THz phonons such
as in nitrogen vacancy phonon mediated gates [56], controlling quantum phonon states in
materials [52–54] and phonon coherence in thermal transport [27] but not in the same way
as a detection scheme illustrated here.
The feasibility of our proposals are certainly within current experimental reach. Photon
counting statistics is a very established field and can be easily applied to sideband detection
experiments. Measuring phonon sideband correlation is achievable given the low temperature
10
of the experiment and ability to shape and make good quality crystal interfaces [57]. Last
but not least, small nano crystals can be used as local phonon detectors similar to Ref.
[15, 58] where sideband signals can be used to determine phonon coherences in optically-
inert materials of interest.
In conclusion, we have applied the quantum theory of photodetection to the sideband
technique and propose signatures in sideband photon-counting statistics and second-order
correlation of the sideband signal that phonons are in a coherent state. Our theory can be
implemented experimentally to bring the ability of characterizing phonon coherence to be
on par with that of photons.
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